Under the assumption ( * ) of existence of a prime in certain arithmetic progression with prescribed primitive root, which is true under the Generalized Riemann Hypothesis (GRH), we show for any positive integer m, there exists infinitely many length 4 weakly prime-additive numbers divisible by m. We also present another related result analogous to the length 3 case shown by Fang and Chen.
INTRODUCTION
A number n with at least 2 distinct prime divisors is called prime-additive if n = p|n p a p for some a p > 0. If additionally p a p < n ≤ p a p +1 for all p|n, then n is called strongly prime-additive. In 1992, Erdős and Hegyvári [2] stated a few examples and conjectured that there are infinitely many strongly prime-additive numbers. However, this problem was and is still far from being solved. For example, not even the infinitude of prime-additive numbers is known. Therefore they introduced the following weaker version of prime-additive numbers.
Definition.
A positive integer n is said to be weakly prime-additive if n has 2 distinct prime divisors, and there exists distinct prime divisors p 1 , ..., p t of n and positive integers a 1 , ..., a t such that n = p a 1 1 + · · · + p a t t . The minimal value of such t is defined to be the length of n, denoted as κ n .
Note that if n is a weakly prime-additive number, then κ n ≥ 3. So we call a weakly prime-additive number with length 3 a shortest weakly prime-additive number.
Erdős and Hegyvári [2] showed that for any prime p, there exist infinitely many weakly prime-additive numbers divisible by p. In fact, they showed that these weakly prime-additive numbers can be taken to be shortest weakly prime-additive in their proof. They also showed that the number of shortest weakly prime-additive numbers up to some integer N is at least c(log N ) 3 for sufficiently small constant c > 0.
In 2018, Fang and Chen [1] showed that for any positive integer m, there exists infinitely many shortest weakly prime-additive numbers divisible by m if any only if 8 does not divide m. This is Theorem 7 stated in this paper.
Also, they showed that for any positive integer m, there exists infinitely many weakly prime-additive numbers with length κ n ≤ 5 and divisible by m.
In the same paper, Fang and Chen posted 4 open problems, the first one asking for any positive integer m, if there are infinitely many weakly prime-additive numbers n with m|n and κ n = 4. In Theorem 1 of this paper, we confirm this is true under the assumption ( * ) of existence of a prime in certain arithmetic progression with prescribed primitive root, and such assumption is true under the Generalized Riemann Hypothesis (GRH).
Finally, it was also shown in [1] that for any distinct primes p, q, there exists a prime r and infinitely many a, b, c such that p qr |p a +q b +r c . In Theorem 2, we showed an analogous result for 4 primes with a mild congruence conditions assuming ( * ), the same assumption as above. 
MAIN RESULTS

Assumption ( * )
where φ is the Euler totient function.
We will need the following properties of the Kronecker Symbol ( tively, then we have:
Proof. See [4] , p. 289-290. Proof. See [4] , chapter 1.
Under GRH, we have the following generalization. Let π g (x; f , a) be the number of primes p ≤ x such that p ≡ a (mod f ) and g is a primitive root (mod p). Then, assuming GRH, we have
if g 1 ≡ 1 (mod 4) or (g 1 ≡ 2 (mod 4) and 8| f ) or (g 1 ≡ 3 (mod 4) and 4| f ), and
otherwise. Here µ is the mobius function, · · is the Kronecker symbol, and Proof. This is a special case of Theorem 6, where with our conditions on a, f , g ,
Remark. This shows that our result also follows from GRH, which is a much stronger assumption than ( * ). 
PROOF OF THEOREM 1
We first prove the following weaker version of Theorem 1. Finally, for any positive integer a ′ , take
where φ is the euler φ function, and let
Then we have the following congruence conditions:
2. As q − 1|a, by Lemma 3, p a ≡ 1 mod q. So we have
3. Similarly, p a ≡ 1 (mod r ) as r − 1|a. Since q ≡ 1 (mod 2 k p), q ≡ 1 (mod 8). By Lemma 4, with r ≡ 3 (mod 8) and
So we have Hence n = p a + q b + r c + s is weakly prime additive and is divisible by m. Since a ′ , c ′ can be any positive integer, b ′ can be any positive odd integer and p can be any arbitrary odd prime coprime to m, we have constructed infinitely many weakly prime-additive n with length ≤ 4.
